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Monotone-Iterative Method for Solving the
Periodic Problem for Systems of
Impulsive Differential Equations

S. G. Hristova' and D. D. Bainov’
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A modification of the method of monotone operators is applied to the approxi-
mate solution of the periodic problem for a nonlinear system of impulsive
differential equations.

1. INTRODUCTION

While in recent years the mathematical theory of impulsive systems
has undergone intensive research, many of its aspects remain undeveloped,
due largely to difficulties related to phenomena of “beating,” involving,
e.g., a loss of autonomy or a merging of solutions.

The study of the mathematical theory of impulsive systems was initiated
by Mil’'man and Myshkis (1960).

In the present paper we give a modification of the monotone-iterative
method of Lakshmikantham (Bernfield and Lakshmikantham, 1982;
Deimling and Lakshmikantham, 1980; Du and Lakshmikantham, 1982;
Lakshmikantham and Leela, 1984, Lakshmikantham et al, 1981;
Lakshmikantham and Vatsala, 1981; Vatsala, 1983) for the periodic problem
for nonlinear systems of impulsive differential equations. Nonlinear periodic
roblems for impulsive systems also have been investigated by other methods
(Perestyuk and Shovkoplyas, 1973, Samoilenko and Perestyuk, 1982;
Hristova and Bainov, 1986).
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2. STATEMENT OF THE PROBLEM

Consider the periodic problem for the impulsive system
X =f(t,x) for t#¢
Ax|t=t,-=1i(x(ti)) (1)
x{(0)=x(T)

where xe R”, f:[0, TIXR">R", I:R*>R" (i=1,p), t,€(0, T) (i=1, p)
are fixed points such that t,,,> ¢, (i=1, p—1), Ax|,—, = x(t;+0) —x(#,~0).
We shall say that the function »:{0, T]-> R" belongs to the set  if:
1. The function v(?) is piecewise continuous with points of discon-
tinuity of the first type at the points t;, i =1, p.
2. v(t;)=v(;-0).
3. The function v(t) is continuously differentiable for t# ¢, i=1, p.
4. There exists the derivative 6(t;) = o(t;—0) (i=1, p).
Define the set

D(v,w)={ucQ:v(t)<=u(t)=sw(t) for t€[0, T}
where v, we ().

Definition 1. The function v(t) € () is called a lower (upper)} solution
of periodic problem (1) if

()= (=)f(1, v) for t # ¢,
Avlt=t,-s(2)1i(v(ti))
v(0)=(=)v(T)

Let vy, wo € Q) be respectively, lower and upper solutions of the periodic
problem (1).

Definition 2. The function v € D(v,, w,) is called a minimal (maximal)
solution of periodic problem (1) in D(w,, wo) if it is a solution of (1)
and for any other solution ue D(u,, w,) of problem (1) the inequality
v(t) = (=)u(t) holds for t€[0, T].

Let u, veR", u=(u, Uy,...,u,), v=(vy,0,,...,0,). We shall say
that u<vo, if ;<o fori=1,n

Let n=2.To every integer j € 1, n we put in correspondence two positive
integers p; and g; such that p;+¢q; = n—1. Then each element x€ R" (n=2)
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can be represented in the form

(X1s ooy Xy ooy Xy Xpa2s e v o5 Xn for p;>j,
— T
x::(xj’ [x]pj, [x]qi)_ qa
(Xpy ey Xy Xpoa1s oo s Xjy ooy Xn) for p=j
<

—

—

g;+1

In terms of the notations introduced, problem (1) for n>2 can be
written in the form ‘

X = fi(t, x5, [x]y,, [x]y,) for t#1
ij|t=t,~ = Iij(xj(ti)a [x(ti)]pj, [x(ti)]qj) (2)
x(0)=x(T), j=1n

Definition 3. The functions w, v €} are called a couple of upper and
lower quasisolutions of periodic problem (2) for n=2 if

B =f£(t, v, [v],,, [wly) for t#¢
A=y, = Loy (1), [o(1)],,, [w(8)],) (3)
vj(o)svj(T), sz
and
W= fi(t, wy, [wl,, [v],)  for t#¢
Al = Iy Oony (1), Dw (1)1, [0(1)],) @
w;(0) = wy(T), j=1n
Definition 4. The functions v, we Q) are called a couple of quasisol-
utions of the periodic problem (2) for a =2 if the relations (3) and (4) are
equalities.

Let vy, woe Q) be a couple of lower and upper quasisolutions of
problem (2).

Definition 5. The functions v, w € {} are called a couple of minimal and
maximal quasisolutions of periodic problem (2) in D(»,, wy) if they are a
couple of quasisolutions of (2) and for any couple of quasisolutions u;, U, €
Q of problem (2) the inequalities v(t) = u,(¢) = w(t) and v(t) = u,(£) = w(t)
hold for te[0, T].

Definition 6. The function f:[0, T X R"+ R" (n=2) is called mixed
quasimonotone if for j =1, n the function £(, u;, [ul,,, [uly) is monotone
nondecreasing with respect to [u], and monotone nonincreasing with
respect to [u], .
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3. MAIN RESULTS

We shall consider separately the cases when problem (1) is a periodic
problem for a scalar impulsive equation and when problem (1) is a periodic
problem for a system of n (n=2) impulsive equations.

Case I. Let n=1.
Lemma 1. Let the function m:[0, T1-> R, m € (), satisfy the inequalities
m(t)=-Mm(t) for t#t
Am|,_,=<—Lm(t,)
m(0)=m(T)
where M >0, 0<L;<1 (i=1, p).
’ Then, for t€[0, T] the inequality m(¢) <0 holds.

Proof. Suppose that this is not true, i.e., there exists a pomt 7 such
that m(7) > 0. Introduce the notation
e= sup m(1)
tef[0,T]
In virtue of the assumption, the inequality £ > 0 holds.
Consider the following three cases:

Case 1. Leta point £€[0, T] exist, é# ¢, (i=1, p), such that m(£) = e.
If £€ (0, T], then the following inequalities hold:

m(é—h)=m(¢)
0=m(¢)=-Mm(§)=—Ms<0

The contradiction obtained shows that in this case the assumption is
not true.

If £=0, then the inequality m(T)= m(0) = ¢ holds. Hence m(T) =e.
Then the inequalities m(T) =0 and 0= m(T)=<—Me <0 hold.

The contradiction obtained shows that in this case the assumption is
not true.

Case 2. Let a positive integer k €1, p exist such that m(t,)> m(t) for
t€[0, T]. Thenthere exists apoint 7€ (0, T), t,_, <7 <, suchthat m(7)>0
and m(7)=0. Moreover, the inequalities 0 =< m(7) = —Mm(7) <0 hold.

The contradiction obtained shows that in this case the assumption is
not true.

Case 3. Let an integer k€1, p exist such that m(t,+0)> 0 and m(z, +
0)> m(t) for t[0, T]. Then the following inequalities hold:

0<m(t,+0)<(1—L,)m(s,)
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or
m(t)>0
Hence
0<m(t+0)—m(t)=—-Lm(t,)<0

The contradiction obtained shows that in this case the assumption is
not true.
This completes the proof of Lemma 1.

Theorem 1. Let the following conditions hold:

1. The functions v,, w,€ Q are respectively, lower and upper solutions
of problem (1).

2. The function f:[0, T]x R - R is continuous and for () =v=u=
wo(t) the following inequality holds:

f,u)—f(t, v)=-M(u-—v), tel0, T]

where M = const>0.
3. The functions I;: R > R for vy(t) = v = u = wy(t) satisfy the condition

L(w)-L(v)=~Lu-v), i=1p

where 0< L; <1.

Then there exist sequences {v™(1)}¢ and {w®(¢)}3 that are uniformly
convergent in the interval [0, T], and their limits v(f) = lim;_., v*'(¢) and
w(1) =lim,_. w* (1) are, respectively, minimal and maximal solutions of
the periodic problem (1) in D(v,, wy).

Proof. For any function i € D consider the periodic problem
i=—Mu+f(t,n)+Mn for t#t
Auloy = —Lu(t)+ L(n(1))+ L () (5)
u(0) = u(T)

The linear periodic problem (5) has a solution that is unique.

Define the mapping A by the formula A, = u, where u(t) is the unique
solution of problem (5). It is easily verified that the operator A satisfies the
following conditions:

(a) vo=Av, and wy=Aw,.

(b) The operator A is monotone increasing in D(v,, wy),i.e.for n,, 7, €
D(wv,, wp), M1 = 1,, the inequality An, = An, holds.

Define the sequences {v*(#)}g and {w®(1)}¥ by the equalities

09 = vy, w® = w,, p**Y = ApH) w*V=Aw®, k=0,
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and obtain that for t€[0, T] the following inequalities hold:
Q=P = =o®()=- - =wP() = - =wP()=wO(r)

From the last inequalities it follows that the sequences {v"()}5 and
{w (#)}& are uniformly convergent in [0, T] and their limits v(¢)=
lim, o v°(¢) and w(t) = lim,.., w*(t) are solutions of the periodic prob-

lem (1).

Let u e D(vy, wy) be an arbitrary solution of (1). We shall show that
the inequality v(t) < u(t) < w(t) holds for 1[0, T]. In fact, for some k=0
let the inequalities v™®(¢)=u(t)=<w™(¢) hold for t€[0, T]. Set p(1)=
v*™(¢) — u(t). The function p(¢) satisfies the following impulsive differen-
tial inequality:

p(6) = £t v(0)) = M (v V(1) = (1)) = (1, )
=M(u—- 0= M@*Y-%) = Mp(1) for t#¢
Apli-y = Li(u(t) = v(5)) = L(v"" V(1) —v™“(1))
=—Lip(1)
with a periodic condition
p(0)=p(T).
By Lemma 1 the inequality p(¢)=0 holds; hence
v V< y(t)  for tel0, T].

It is obtained in an analogous way that u(¢)<w**V(¢) for te[0, T1.

By induction it is proved that for /= k the inequalities vl =u(t)=
w(¢) hold for t€[0, T], which shows that v(¢) and w(t) are a minimal
and maximal solutions of problem (1) in D(v,, wy).

This completes the proof of Theorem 1.

Remark 1. If problem (1) has a unique solution u(t) € D(v,, w,) and
the conditions of Theorem 1 hold, then by Theorem 1 there exist two
sequences of functions tending uniformly from the left and from the right

to this solution.

Case II. Let n=2.

Theorem 2. Let the following conditions be fulfilled:
1. The functions v,(t) and wy(t) are a couple of lower and upper
quasisolutions of periodic problem (2) and vo(t) = wo(#) for 1€ [0, T].



Solving Impulsive Differential Equations 763

2. The function f:[0, T]xR" > R" (n=2) is continuous and mixed
quasimonotone in {0, T]Xx D(v,, w,).

3. The functions I,: R" > R" (n=2) are mixed quasimonotone.

4. For u,ve R" such that vy(t)<u=sv=wyt) for te[0, T], the
inequalities

.];'(t’ Y, [u]pja [u]qj) _f}(t: ujs [u]pjs [u]qj) = —Alj(vj - uj)
Iij(vj, [u]pj, [u]qj) - Iij(uj, [“]pj, [”]q,-) = _Lij(Uj - uj)
hold, where M; =0, 0<L;<1,i=1,p,j=1,n

Then the following assertions are valid:

1. There exist monotone sequences {v™(1)}7 and {w'® (1)} that are
uniformly convergent in [0, T] and their limits v(¢) =limy, . v™*(¢) and
w(t) =lim,_. w* (1) are a couple of minimal and maximal quasisolutions
of problem (2) in D(vg, wo).

2. If the function u € D(v,, wy) is a solution of problem (2), then for
te[0, T] the following double inequality holds: v(t) =< u(t) = w(r).

Proof. Proofofassertion 1. For any couple of functions 5, u € D(v,, wq)
consider the periodic problem

uj=—1‘4juj+fjt<ta njs[n]pja [:u’]qj)—,_MIT)J for t¢ ti
Aujlr:t,- = — Ly, (£;) + Ly (m; (1), [T)(ti)]pj’ [M(E‘)]q,)'*‘ Lyn;(t;) (6)
w0 =u(T), j=Ln

Problem (6) has a unique solution for any fixed couple of functions
1, u € D(vy, wy), which is represented by the formula

u;(t) = u;(0) e + L {fi(s, m, [0 1, [n]y)

+ Mm;(s)} eM©70 ds
+ L MU Ly (6) + Li(ni(1), [n(1)],, [e(8)],)} (7)

O<y;=<t

where

w(0)=(eM"-1)™! {L LA (s, m (), [n(9)];,, [ (8)1g) + Mym;(s)] €™ ds

+ ¥ M I(ni(n), [n(8)],, [ (8)],) + Lijnj(ti)]}

o<t <t

Define the mapping A: D{vy, wy) X D(vy, wy) > R" by means of the
equality A(n, u)=u, where u=(u;,u,,...,u,) and u;(¢) is the unique
solution of problem (6) for the couple of functions n and u what is given
by formula (7).
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We shall prove that v,=A(v,, w,). Introduce the notation v'"=
A(vy, o), where vV = (v{", oV, ..., v'") is the unique solution of problem
(6) for n =u, and p = wy.

Set p(t) = vy(t) — vV (¢). Then the following inequalities hold:
pi{t)=—-M;p;(t) for t#¢
Apj|t=r.- =-Lypt)
pi(0)=pi(T)

By Lemma 1, p;(t) =0, t€[0, T], or vo=< A(v,, wy).

It is proved in an analogous way that wy= A(w,, v,).

Let n, u € D(v,, w,) be such that 5 =< u. Set u“)=A_(_”’J’_M) and u® =
A(g, n). Introduce the notation p;(#) = u{"(¢) — u{*(t), j €1, n. From condi-
tions 1, 2, and 4 of Theorem 2 we obtain the following impulsive differential
inequalities

pi() = M;(p;— ;) — le(uj(‘l) - UJ('z)) + M;(n;— ;)
=-M;p;(1), for t# (8)
Ap; |t=t,- = —Lijpj(ti)
with a periodic condition
p(0)=p(T), j=1,n

By Lemma 1, the inequality p;(0)=<0, j =1, n, holds. Hence, for n, u €
D(v,, wy), 1< u, the inequality A(n, u)= A(u, n) holds.

Define the sequences {v™(#)}5 and {w®(¢)}3 by the equalities ¥ =
vy, WO = wy, 0%V = A0, W), WD = AW, ) k=0.

Then, in view of what was proved above, the inequalities

v =vN(D)=- - =o (N)= =W ()= = w0

hold for t€[0, T].

The above inequalities show that the sequences {v™(¢)}5 and
{w® (1)} are uniformly convergent in [0, T], and their limits v(t)=
limy. v¥(2) and w(1) =limy_ . w*(t) are a couple of quasisolutions of
problem (2) in D(vg, wy).

We shall show that (v, w) are a couple of maximal and minimal
quasisolutions of (2} in D{(vy, wo). Let uy, u, € D(v,, wo) be a couple of
quasisolutions of problem (2). Then there exists a positive integer k such that

v (O =u (D =w" (), T =u()=w ()
for te[0, T]. We set p(t)=v"(t)—u,(t). The function p(t) satisfies

inequalities (8) and by Lemma 1, p;(1)=<0, j=1,n, i.e., v;() = u,;(?) for
te[0,T],j=1,n.
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It is analogously proved that () < u,(¢) and w (1) =z u;(1)(i=1,2)
for t€[0, TT.

By induction we obtain that for any positive integer k the inequalities
o) = uy (1) = w9 (1) and v = u,(£) = w®(r) hold for 1[0, T].

Hence the functions v and w are a couple of minimal and maximal
quasisolutions of problem (2) in D(v,, wo).

Proof of assertion 2. Let u< D(vy, w,) be a solution of problem (2).
Then the couple (u, u) can be considered as a couple of quasisolutions of
problem (2) in D(w,y, wy). By assertion 1 of Theorem 2, the inequality
v(t)=u(t)=w(t) holds for te[0, T].

This completes the proof of Theorem 2. W

Example 1. Consider the periodic problem
X=X+ x5 for t#t

xZ =X~ 2X2
(9)

Ax,-’,=,l=xi l=1,2
x;:(0)=x,(T)

where 0<t,<T.
Define the functions v, w:[0, T]-> R? by the equalities v =(v,, v,),
w= (Wla WZ)’ vi(t) = Oa (l = 15 2)3

)= {e(tl—t)(e‘r_l) for 1[0, t;]
W)= e(T+t1—t)(eT__1) for re(t, T]

() {e2<'r'><e”—1> for te[0, 1]
w =
2 AT 02T _ 1) for te(1, T]

Choose the numbers p; =0, g;=1, j =1, 2, and introduce the notations

(xlayZ) for ]=l

(xj,[x]pjs [y]qj):{(yl,xz) for ]=2

It is easily verified that the couple of functions (w, v) are a couple
of lower and upper quasisolutions of problem (9) and v;(¢)=< w;(¢) for
te[0,T],i=1,2.

A straightforward verification shows that the conditions of Theorem 2
are satisfied for M, =1, M,=2, L,;=L,,=%.

By Theorem 2 we can construct the couple of minimal and maximal
quasisolutions of problem (9) as limits of sequences of functions {v™ ()}
and {w®(0)}5 where v2(1) =0, w2() = w;(¢), i=1,2.
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For functions »'”(¢) and w'"(t), by formula (7) we obtain

vﬁ”(t)={(e”—1) e HeTTh+eTi—e ) for t€[0, ]
(T-1) e T(eTh+e 1T for te(t,, T]
T -1 T T -
vgl)(t)={(er+l) (eT—l)e th for t<[0, ]
(eT+1) e~ e™ (1+e"—e"") for te(t,T]
wﬁ‘)(t)={e:‘(eT_%) for 1€[0, 4]
e (2T =Y for te(t;, T]
. 2m0(?T =y for te[0, 4]
wi(t) =1 1 T
2T 02T for te(t, T]

By Theorem 2 for t€[0, T] the inequalities
v()=u()=wi’() (i=1,2)

hold, where (u,(1), u,(t)) is a solution of problem (9).
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